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Abstract 

In twistor theory, the canonical quantization procedure, called twistor quanti- 
zation, is performed with the twistor operators represented as Z A = Z A (e C) 
and Z a = —q§x- However, it has not been clarified what kind of function 
spaces this representation is valid in. In the present paper, we try to find 
appropriate (pre-)Hilbert spaces in which the above representation is real- 
ized as an adjoint pair of operators. To this end, we define an inner prod- 
uct for the helicity eigenf unctions by an integral over the product space of 
the circular space S 1 and the upper half of projective twistor space. Using 
this inner product, we define a Hilbert space in some particular case and 
indefinite-metric pre-Hilbert spaces in other particular cases, showing that 
the above-mentioned representation is valid in these spaces. It is also shown 
that only the Penrose transform in the first particular case yields positive- 
frequency massless fields without singularities, while the Penrose transforms 
in the other particular cases yield positive-frequency massless fields with sin- 
gularities. 
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1. Introduction 



Twistor theory was first proposed by Penrose in 1967 as a novel approach 
to finding a unified framework for general relativity and quantum physics, 
aiming at establishing a theory of quantum gravity jlj]. In twistor theory 
jil-[8[, a complex space called twistor space is considered to be a primary 
object for expressing physics, while 4-dimensional space-time is treated as 
a secondary object. One of the common motivations in early studies on 
twistor theory is thus to describe 4-dimensional space-time, gravity and even 
the elementary particles in an equal footing on the basis of the complex 
geometry of twistor space. Such an ambitious attempt in twistor theory has 
been summarized by Penrose himself as the twistor programme |7|, |8| . 

Although twistor theory has provided various interesting ideas, it can- 
not be said that this theory has succeeded in physics in accordance with 
the twistor programme. From the viewpoint of physics, recent impressive 
progress related to twistor theory is only the discovery of a twistor string 
theory by Witten [t| , which leads to the twistor approach to explaining scat- 
tering amplitudes in Yang-Mills theory [lo|, [llj]. (An earlier twistor approach 
to Yang-Mills scattering amplitudes was considered by Nair Jjj].) On the 



other hand, twistor theory has yielded skillful geometrical tools for solving 
non-linear partial differential equations such as the anti-self-dual Yang-Mills 



equation [13j, [14J, the anti-self-dual equations for gravity [15| and the Bo 



gomolny equation 16]. Also, there have been many other mathematical 



developments in twistor theory; see, e.g., Refs. [17H21I . 

It seems that one of the reasons why twistor theory has not developed 
well in physics and therefore the twistor programme has not been accom- 
plished is that the quantum-theoretical framework of twistor theory has not 
yet been established sufficiently In fact, in comparison with the standard 
quantum theory, mathematical settings such as Hilbert spaces have not been 
investigated satisfactorily in the canonical quantization procedure in twistor 
theory, called twistor quantization. To be precise, in twistor quantization, 
the twistor operators Z A (A = 0, 1, 2, 3) and their adjoint twistor operators 

2 a are naively represented as Z A = Z A and Za = —g§xi with the twistor 
variables Z a (e C). However, it has not been clarified what kind of function 
spaces this representation is valid in. One of the main purposes of this paper 
is to find appropriate function spaces (or more precisely, appropriate (pre- 
)Hilbert spaces) in which the above representation holds true as an adjoint 
pair of operators. 
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Until now, there have been a few attempts to define Hilbert spaces in 
twistor quantization. In fact, Penrose gave an inner product of two holomor- 
phic functions of Z A that have the same degree of homogeneity (22)]. With 
this inner product, Penrose defined a Hilbert space and showed that the rep- 
resentation Z a = ~g§7{ is valid on this space. However, in his argument, the 
details on the inner product, such as the finiteness of the inner product, are 
unclear. Hence, there is room to doubt the presence of the Hilbert space. 
Penrose's inner product was modified by himself so that it can directly be 
derived from the scalar product between two massless fields in 4-dimensional 
space-time 23|. Even after the modification, Za = —q§x holds, but the 



details on the inner product still remain unclear. Another kind of inner 
product, named the cohomological inner product, was defined by Miiller for 
a restricted class of analytic functions of Z A [24]. However, representations 
of the twistor operators are not considered in this approach. 

In the present paper, we propose an alternative inner product of two 
holomorphic functions of Z A . Here the two functions may have different 
degrees of homogeneity. To define the inner product, we first construct lin- 
ear combinations of the Z A , denoted later by a A , and linear combinations 
of the Za, denoted later by d A , in such a manner that a A and a A satisfy 
a Weyl-Heisenberg algebra of indefinite-metric type. The commutation re- 
lations of this algebra are unitarily equivalent to what Z A and Z a satisfy. 



Next, we provide a coherent state [25|, |26[ defined as a simultaneous eigen- 
state of the a A and consider the helicity eigenvalue equation written in terms 
of a A and a A . This equation can easily be solved in the coherent-state ba- 
sis to obtain the helicity eigenvalues and their corresponding eigenfunctions. 
In the present paper, we assume that the holomorphic parts of the helic- 
ity eigenfunctions are transformed into positive-frequency massless fields in 
complexified Minkowski space via the Penrose transform (The holo- 

morphic parts are precisely the so-called twistor functions.) This assumption 
is realized if the holomorphic parts are functions on the upper half of twistor 
space. Taking into account this fact, we define an inner product of two ar- 
bitrary helicity eigenfunctions by an integral over the product space of the 
circular space S 1 and the upper half of projective twistor space. (This in- 
ner product can also be regarded as the one defined for the corresponding 
holomorphic parts.) Carrying out the integration in the inner product, we 
obtain an expression that includes the orthogonality condition for the helic- 
ity eigenfunctions and a multiplicative factor consisting of gamma functions. 
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The multiplicative factor is evaluated by making use of the method of ana- 
lytic continuation for the gamma function. We particularly examine the inner 
product for the helicity eigenf unctions each of whose holomorphic parts has 
singularities on two hyperplanes in twistor space. Such holomorphic parts 
are especially important in twistor theory from a practical viewpoint related 



to twistor diagrams [2J, [23|, |27H29|. It is then shown that the helicity eigen- 
functions in a particular case can be normalized to unity, while the helicity 
eigenf unctions in other particular cases can be normalized to either 1 or — 1. 

In our approach, a Hilbert space for twistor quantization is defined as 
a set of the linear combinations of the helicity eigenfunctions in the first 
particular case mentioned above. In each of the other particular cases, it is 
possible to define an indefinite-metric pre-Hilbert space (or an indefinite inner 
product space) as a set of the finite linear combinations of the relevant helicity 
eigenfunctions. We show that the twistor operators represented as Z A = Z A 
and Z a = —Q§A + \%A are realized, in each of the (pre-)Hilbert spaces, as 
an adjoint pair of operators. Then, it is seen that Z \ = —q§^ is recognized 
as the adjoint operator of Z A = Z A by choosing the holomorphic parts 
of the helicity eigenfunctions to be basis functions, instead of the helicity 
eigenfunctions themselves. In this way, we can define (pre-) Hilbert spaces 
appropriate for twistor quantization. 

We also perform the Penrose transforms 04^] of twistor functions in each 
of the particular cases to find the corresponding positive-frequency massless 
fields in complexified Minkowski space. We point out that only the massless 
fields derived in the first particular case have no singularities, while those 
derived in the other particular cases have singularities. 

The present paper is organized as follows. In Section 2, we briefly re- 
view twistor quantization by following popular literature on twistor theory. 
Section 3 provides a coherent state for twistor operators and gives the rep- 
resentation of twistor operators with respect to the coherent-state basis. In 
Section 4, we consider the helicity eigenvalue equation and solve it in the 
coherent-state basis. It is verified there that the helicity eigenfunctions are 
simultaneous eigenfunctions of the Cartan generators of SU(2, 2). In Section 
5, we propose an inner product defined for the helicity eigenfunctions and 
examine it in particular cases after using the method of analytic continua- 
tion for the gamma function. In Section 6, we define (pre-)Hilbert spaces in 
twistor quantization and show that the adjointness relations between twistor 
operators are valid in these spaces. In Section 7, we perform the Penrose 
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transforms of the simplest twistor functions in each of the particular cases 
and investigate singularities of the massless fields derived by these trans- 
forms. Section 8 is devoted to a summary and discussion. Appendix A 
provides the Schwinger representation of the SU(2, 2) Lie algebra. Appendix 
B demonstrates the Penrose transform of a general twistor function in the 
first particular case. 

2. Brief review of twistor quantization 

In this section, we briefly review the twistor quantization procedure ex- 
plained in Refs. 0,S0-B|. 

Let Z A (A = 0, 1, 2, 3) be a twistor and Za its dual twistor. In terms of 
2-component spinors, Z A and Za are expressed as 

Z A = (u a ,Tr„) 7 Z A = (7r a ,oo a ) J (2.1) 

where u a (a = 0, 1) and iia (a = 0, 1) are 2-component Weyl spinors, and 
u a and 7t a are their complex conjugate spinors. The spinors u a and 7Tq, are 
related by u" = iz aa 7Ta, where the z aa constitute coordinates of a point 
in complexified compactified Minkowski space CM'. (Here, M denotes 4- 
dimensional Minkowski space.) The space coordinatized by (Z A ) is called 
twistor space and is denoted by T. The twistor space is a normed complex 
vector space with the pseudo-Hermitian norm squared Z aZ of signature 
(2, 2). With this norm squared, the helicity of a massless particle propagating 
in 4-dimensional Minkowski space M is simply represented as 

s = \z A Z A . (2.2) 
The conformal group of M is represented linearly in T as the linear group 



SU(2,2) [32j, [33j. Then, the conformal invariance of the helicity is evident 
from Eq. (I2.2p . because Z \Z is invariant under the SU(2,2) transforma- 
tions. It can be said that twistors are SU(2, 2) spinors for the conformal 
group of M. 

In quantizing the classical system of twistors, Z A and Z A are replaced by 
the corresponding twistor operators Z A and Z a satisfying the commutation 



1 The expression ()2.2|) . as well as the commutation relations (|2.3aj) and (I2.3b|) . can 
systematically be derived from the gauged Shirafuji action 
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relations 

[Z A ,Z B ] = 5 A , (2.3a) 
[Z A ,Z B ] = [Z A ,Z B ] =0. (2.3b) 

So-called twistor quantization is carried out on the basis of the commutation 
relations (I2.3al) and fl2.3bj) . By analogy with standard quantum mechanics, 
we can naively take the representation in which Z A reduces to Z A : 

' " ! " <} (2.4) 



dZ A 



(Here, the symbol = stands for gis represented byh.) This representation 
has actually been introduced in popular literature on twistor theory. A wave 
function appropriate for the representation (12 .4p is to be holomorphic in Z A . 
Such a wave function, f{Z), is referred to as the twistor (wave) function. 
In the twistor quantization procedure, the helicity s is also treated as an 
operator. After having considered the Weyl ordering, the helicity operator 
reads 

s = ^Z A Z A + Z A Z A y (2.5) 

The eigenvalue equation sf = sf can be written in the representation f ]2.4f) 

as 

' r Z A -J^ + 2)f{Z) = sf(Z), (2.6) 



2 V dZ A 

where s is understood as a helicity eigenvalue. Obviously, Eq. (I2.6P is satis- 
fied by a homogeneous twistor function of degree —2s — 2. This degree must 
be an integer so that / can be a single-valued function on T. In this way, s 
is restricted to integer and half-integer values. 

3. A coherent state representation of twistor operators 

From Eq. ( I2.ip . we see that the complex conjugate of Z A , i.e., Z A := Z A 

(A = 0,1,2,3), is related to Z A by Z A = Z B J BA , with the inverse metric 
jab on ^ e g nec j by 
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Here, I2 denotes the 2x2 unit matrix. In the twistor quantization proce- 
dure, Z A is replaced by the adjoint operator Z A = Z B J BA of Z A satisfying 
[Z A , Z B ] = J AB . (At present, the adjointness relation between Z A and Z A is 
just a formality.) This commutation relation is, of course, essential for twistor 
quantization. However, it is inconvenient for our analysis, because (J AB ) is 
not a diagonal matrix. Desirable commutation relations are provided for the 
operators 



«" :-^(Z n Z 2 \. a 1 : = ^-(^Z 1 +Z- 



a 2 



1 



(3.2) 



and their adjoint operators 



a 6 :=^=(z + Z 2 ), h x :=^[Z, 



y/2 ^ ' a/2 \ ' ^ ^ 

In fact, using the commutation relations (12.3aj) and (12.3b|) . we can show that 



[a A , t B ] = I AB , (3.4a) 
[a A , a B ] = [n A , ti B ]=0, (3.4b) 

where I AB is the diagonal inverse metric of the form (I AB ) = diag(l, 1,-1,-1). 
From this, we see that T possesses the pseudo-Hermitian metric of signature 
(2,2), defined by (I^ B ) = diag(l, 1, — 1, — 1). The commutation relations 
(I3.4aj) and fl3.4bj) constitute a Weyl-Heisenberg algebra of indefinite-metric 
type. 

Now, we construct a coherent state that is defined to be a simultane- 
ous eigenstate of the operators a A . For this purpose, we first introduce the 



unitary operator [25 



U (a, a) := exp (^a A I^ B a B — a B I BA a A \ , (3.5) 

where the ot A are complex numbers and the a A are their complex conju- 
gates. The operator U = U(a, a) generates translations of a A and a A in the 
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following manner: 

ffla A U = a A + a A , U ] a A U = a A + a A . (3.6) 

We introduce the vacuum state |0) specified by 

a A \0) = Q, (0|0) = 1. (3.7) 

Then, it is readily verified that the vector \a) := U\0) fulfills the eigenvalue 
equation a A \a) = a A \a). This demonstrates that \a) is actually a coher- 
ent state for the operators a A . The normalization condition (a\a) = 1 is 
guaranteed by the unitarity of U. By using the Campbell-Baker-Hausdorff 
formula J§ |a) can be expressed as 

| a) = expQ||a;|| 2 J exp(-a A I AB a B ^\0) , (3.8) 
where ||a|| 2 := a A I AB a B = \a°\ 2 + la 1 ) 2 — |a 2 | 2 — |a 3 | 2 . We can also show 



that the dual vector (a\ = (0\W satisfies [26 

(a\a A = a A (a\ , (3.9a) 

(«|a A = (-^b-i ba + \a A ) (a| • (3.9b) 



u a , 7Ta) are 



The complex numbers a A and the twistor variables Z A — v ^ 
related by the relations that are obtained by replacing a A and Z A in Eq, 
(13.21) with a A and Z A , respectively: 



a 



a 



V2 K n V2 



(3.10) 



or equivalent ly, 



a 



a 



V2 K u; ' v/2 



(3.11) 



2 When the operators X and Y commute with [X, Y] , the Campbell-Baker-Hausdorff 
formula reads e x+Y = e x e Y e~2<- x,Y \ 
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With these relations, it is easy to see that ||a|| 2 = Z A Z A = 7t a u a + ui a 7ia- 
Since a A relate to Z A by a unitary transformation specified by Eq. (13. 10p . 
we may call a A a twistor (defined with respect to another basis of T). Cor- 
respondingly, we may call a A and a A twistor operators. 

In terms of the twistor variables Z A and Z A and their corresponding 
operators, Eq. (13. 9p can be written as 

(Z\Z A = Z A (Z\ , (Z\Z A = (--JLz + \z^ (Z\ , (3.12) 

where (Z\ := (0| exp(— Z A Z A ) exp(^Z A Z A ) (= (a\). Apart from the additive 
factor \Zai Eq. ( 13 . 12[) leads to the representation given in Eq. (12 .4p . If 

(Z\ is defined by (Z\ = (0| exp( — Z A Z A ) without the multiplicative factor 

exp^Z A Z A ) , we have (Z\Z A = —d(Z\/dZ A , and hence immediately find 
Eq. ( 12 .4p . However, in general, this (Z\ is not a unit vector, because it 
satisfies (Z\Z) = exp( — Z A Z A ). 

4. Simultaneous eigenfunctions for the helicity operator and the 
Cartan generators of SU(2,2) 

The procedure in the previous section is a mere formality at present, be- 
cause function spaces in which Eq. ( 1 3 . 9 [) is realized are still unclear. Therefore 
we now try to find functions suitable for defining desirable function spaces 
that can be shown to be (pre-)Hilbert spaces. 

In terms of a A and a A , the helicity operator (I2.5P can be written as 

s — - (^a A I AB a B + a B d A I AB 

= + aV - a 1 a 2 - a^a 3 ) + 1 . (4.1) 

With this form of s, we consider the helicity eigenvalue equation 

s\<P) = s\<P), (4.2) 

where s is a helicity eigenvalue and \<P) is its corresponding helicity eigen- 
vector. Multiplying both sides of Eq. (14. 2 p by (a\ on the left and using Eq. 
( 13. 9p . we have 
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where ${a) is the helicity eigenfunction defined by <&{a) := (ot\<I>). This 
equation can easily be solved to yield the particular solution 

@k,l,m,n( a ) = fk,l,m,n{ a ) eX P\ h\ a \\ 2 ) > ( 4 -4) 



with the holomorphic function 

f k ,i, m ,n{<*) ■= C fc ,/, m ,n(a ) fe (« 1 ) / (« 2 ) m (« 3 ) n • (4-5) 

Here, Ck,i >m ,n is an undetermined coefficient, and k, I, m and n are constants 
satisfying 

s = --(k + l + m + n) -1. (4.6) 

Clearly, fk,i, m ,n is a homogeneous twistor function of degree —2s — 2. The 
single- valuedness of $k,i,m,n, or equivalently that of fk,i, m ,n, is valid if and only 
if k, I, m and n are integers. Then, from Eq. (14. 6p . the helicity eigenvalue s is 
determined to take integer and half-integer values. The helicity of a massless 
particle is thus quantized as a result of twistor quantization. 

Now, we note that the helicity operator s commutes with all the gener- 
ators of SU(2,2) represented as Eq. (1A.6j) ; see Appendix A. The Lie group 
SU(2,2) has rank 3, and in the Schwinger representation (1A.6j) . its Cartan 
generators are given by 



(4-7) 

/lis = — = ( a°a° + a^a 1 + a 2 a 2 + a 3 a 3 



.1:, = - a 1 a 1 ) , A = -j( ' - 

ll5 = 27f( L 

Because s, A3, A e , and A15 commute with each other, they have a simulta- 
neous eigenfunction <&(a) satisfying 

(a\s\$) = s<P{a) , (4.8a) 

(a\A 3 \<P) = K$(a), (4.8b) 

(a\A 6 \<P) = L<P(a) , (4.8c) 

(a\A 1B \$) = ^M^(a) , (4.8d) 
v2 
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where s, K, L and Mj\/2 are eigenvalues of s, A 3 , A 6 and A t5 , respectively. 
(Equation (j4.8aj) is identical with Eq. (14. 2p multiplied by (a\.) Using Eq. 
(13.91) . we can show that ^fe,/, m ,n(Qj) is a solution of the simultaneous equations 
fl4T8al) - fl4~8dl) provided that Eq. (jOj) and 

K = -(-k + l), L = h-m + n), M = h-k - I + m + n) (4.9) 

Zi £J Zi 

are fulfilled. In this way, @k,l,m,n is confirmed to be a simultaneous eigenfunc- 
tion for s, A3, Aq and Ax5- From Eq. ( 14.9ft . it follows that K, L, M, as well 
as s, take integer and half- integer values. The set of Eqs. ( 14.6ft and ( 14.9ft can 
inversely be solved as 

k = -l(s + 2K + M + l), l = -(-s + 2K-M-l), 

{ [ (4.10) 

m = --{s + 2L-M + l), n= -(-S + 2L + M- 1) . 

This fact demonstrates that the combination of eigenvalues (s, K, L, M/y/2) 
is in bijective correspondence with the combination of integers (k,l,m,n). 
For this reason, we can use (s, K, L, M) to uniquely specify the simultaneous 
eigenfunction <&k,i,m,n, which fact enables us to denote @k,i,m,n as $ s ,k,l,m, 
and correspondingly f k ,i, m , n as J s ,k,l,m, namely 

$s,K,L,M '■= $k,l,m,n , fs,K,L,M '■= fk,l,m,n ■ (4-H) 

The helicity eigenvalue s labels an irreducible representation of SU(2, 2). 
This can be understood from the fact that the eigenvalue of the quadratic 
Casimir operator of SU(2, 2) is determined to be 3(s 2 — l)/2, as seen from 
Eq. ( lA.lOp in Appendix A. The eigenfunction § s ,k,l,m is classified into the 
irreducible representation of SU(2, 2) labeled by s and is completely specified 



by the remaining eigenvalues K, L, and M [32 



Now, we consider application of the operators a A to <&kimn- This can be 
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evaluated by using Eq. (I3.9ap as follows: 



a|a°|^fc,z, m ,n) 






Ck.l,m,n -c 


», 


(4.12a) 


Ot\a l \<I>k,l,m,n) 


= Oi $k,l,m,n 




L'A;,Z+l,m,,n 


>)) 


(4.12b) 


a|a 2 |^fc,«, m ,n) 


CI &k,l,m,n 




Cfc,Z,m,7i i 

^k,l,m+l,n 


>)) 


(4.12c) 


tt|a 3 |^fc,/,m,n) 






Cfc,i,m,,n T 


»■ 


(4.12d) 



Also, using Eq. ( I3.9bj) . we can evaluate application of the operators a A to 



(a|a°|^ fci i imjn ) 

(ala 1 !^™^) = - 

(a|a 2 |^ fc> i imjn ) = e 11 

(a|a 3 |^ fciijmjn ) = e 11 



g||a|| 2 /2 &fk,l,m,n Cfc,i,m,n 

<9«° Cfc-l,J,m,n 

||a|| 2 /2 dfk,l,m,n Cfc,i,m,n 

9a 1 Cu — l,m,n 
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& fk,l,m,n 


Ck,l,rn,n 


da 2 


Ck,l,m—l,n 


9 fk,l,m,n 




da 3 


Cfc,(,m,n— 1 



k<Pk-i,i,m,n( a ) > (4.13a) 
/^fc,«-l,m,n(a) , (4.13b) 

m$ fc j im _i in (a) , 



n$k,i, m ,n-i(a) ■ 



(4.13c) 
(4.13d) 



It is seen from Eqs. (14.121) and (14.131) that the a A behave as creation opera- 
tors, while the a A behave as annihilation operators. 

5. An appropriate inner product for the eigenfunctions <& s ,k,l,m 



If we follow the argument of coherent states [25|, |26j, it is quite natural 
to naively define the inner product of two arbitrary eigenfunctions, ^> s ,k,l,m 
and $s>k>l',m', as 



's,K ,L,m\$ 's' ,K' ,L' ,M') naive 

:= / @s,K,L,M{a)$s>,K>,L>,M>{<y)d S Lt{a,a) 
Jt 



(5.1) 



fs,K,L,M( a )fs',K',L',M'( a ) eX P\\ a \\ d K a i a ) 
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where 



d s /j,(a, a) := da A da 1 A da 2 A da 3 A da A da 1 A da 2 A rfa 3 . (5.2) 

Obviously, d 8 fi is invariant under SU(2, 2) transformations. Although Eq. 
(15. ip might seem to be well-defined, actually, {^ s ,k,l,m\^s,k,l,m) naive diverges 
because the integrand contains the multiplicative factor exp(|a°| 2 + (a 1 ) 2 ), 
which strictly increases fast as |a°| — > oo or as | or 1 1 — > oo. Hence, the inner 
product (15. ip is not well-defined and we cannot use it in our approach. 

Before providing an appropriate inner product, we recall that in twistor 
theory, projective twistors are considered to be more essential than twistors 
themselves. From this point of view, it is sufficient to define an inner product 
of <&s,k,l,m and $ s \k',l',m' in such a manner that projective twistors are taken 
to be integration variables. For a nonzero twistor a A , the projective twistor 
[a A ] is defined as the proportionality class [a A ] := {va A \ v G C \ {0}}. The 
projective twistor space PT(= CP 3 ) is a 3-dimensional complex space coor- 
dinatized by [(a A )} := {(va A )\v G C \ {0}}, that is, PT := {[(a A )} \ (a A ) G 
T \ {0}}. Clearly, the projective twistor [a A ] is invariant under the com- 
plexified scale transformation a A — > va A , and hence the functions of [a A ] 
remain invariant under this transformation. Conversely, the functions of a A 
that are invariant under the complexified scale transformation can be treated 
as functions of [a A ], that is, functions on PT. Similarly, the functions of a A 
that are invariant under the (pure) scale transformation a A — > \v\a A can 
be treated as functions on S 1 x PT. Here, S 1 denotes the circular space 
parametrized by a phase common to the twistor variables. 

Now, we assume that the twistor functions f s ,K,L,M and f s > t K',L',M' are 
transformed into positive-frequency massless fields in complexified Minkowski 
space CM via the Penrose transform $]^. In this case, f s ,K,L,M and f s ',K',L',M> 
are realized as functions on the upper half of twistor space, namely T + := 
{(a A ) G T| ||ct|| 2 > 0}. Considering this, we propose the following inner 
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product: 



— e 



lim — ; ; — — — / <P s+ejK ,L,M(a)@ s i+e,Ki,Li,M'( a ) 

e^+o r(s + s' + 2e - 1) J s i xPT + 



x a 



) s+s+2e+2 exp(- \\a\\ 2 )d r n(a,a) (5.3a) 

= liE P-n r( i rT o TT / fs+e,K,LM a ) fs'+e,K',L',M'( a ) 

x (||af) s+s ' +2e+2 rf 7 /i(a,a), (5.3b) 
with the 7-form 
<i 7 /i(a, a) 

:= — 777- ; (da A rfa 1 A da 2 A rfa 3 Ae; oAna^cfar^ A dof A cfa^ 
12(||a|| 2 ) 4 V ABCD 

+ e A BCDtt A da B A da c A da D A da A da 1 A cfc 2 A cfc 3 J , (5.4) 

where PT + := { [(a A )} G PT | ||a|| 2 > 0}, and e i 2 3 = e 6m = 1- The in- 
tegrand f s ,K,L,M( a ) fs\K>,L\M'(®)(}L a \\ 2 ) s+s ' +2 can be regarded as a function 
on the product space S 1 x PT + Jf| because it remains invariant under the 
(pure) scale transformation a A — > \v\a A 1 and also f s ,K,L,M an d f s ',K',L',M' are 
functions on T + . (When s = s', this integrand remains invariant under the 
complexified scale transformation ot A — > va A and therefore is treated as a 
function on PT + .) Adding the infinitesimal positive number e to s and s' 
is necessary for making Eq. (I5.3P well-defined. The 7-form d 7 fi is invariant 
under SU(2, 2) transformations and under the complexified scale transforma- 
tion; thus, d 7 \i is recognized as an integration measure on S 1 x PT + . From 
the facts stated above, it is clear that the inner product ($ 8 ,k,l,m\@s',k',l',m') 
is invariant under the (pure) scale transformation. 

To see more precisely that d 7 n is an integration measure on S 1 x PT + , 
here we introduce the inhomogeneous coordinates (C 1 , ( 2 , C 3 ) °f PT + defined 



3 The projective twistor subspace PT is isomorphic to the coset space 
SU(2,2)/S(U(2,1) x U(l)) [34]. Similarly, S 1 x PT+ is isomorphic to SU(2, 2)/SU(2, 1). 
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byB 

cr cr cr 

With these coordinates, d 7 \i can be expressed as 

d 7 ^ = d6 A rf 6 /i , (5.6) 

where # is the phase common to the twistor variables 



« := ^ n j = -< log ( j - f log |n 



IC A I 



(5.7) 



The range of 9 is determined to be [0, 2n). The 6-form d 6 /j, is given by 

d% ■= -^-dC 1 A d( 2 A rfC 3 A d( { A d( 2 A dC 3 , (5.8) 
K 

with := 1 + \C}\ 2 — |C 2 | 2 ~~ |C 3 | 2 - The 6-form d 6 fj, is precisely the volume 
element of PT + Jj In this way, Eq. (15. 6 1) demonstrates that d 7 fx is indeed an 
integration measure on S 1 x PT + . 

For evaluating the inner product (15. 3ft . it is convenient to use the hyper- 
bolic polar coordinates (||a||, ?7, x, ^5 "^5 0; V 9 ) defined by ||a|| := \/|[a|P and 

a ° = ||a||e i(e+,?+</,) coshr/cosx, (5.9a) 

cr = ||a||e l(e+ ^ ) cosh r/ sin x, (5.9b) 

a 2 = Halle^-^sinhr/cos^, (5.9c) 

le^^sinhr/sin^. (5.9d) 



a 3 = lla 



Here, by virtue of ||a|| 2 > 0, it follows that ||a|| takes values in the coordinate 
range < ||a;|| < oo. The other coordinate ranges are determined to be 

0<r?<oo, 0<x,^<^, 0<6<2tt, -tt < tf, <p, p<n. (5.10) 



4 Strictly speaking, (C^C^C 3 ) is a local coordinate system on the open set PT^" := 
{[(a A )]€PT + \a° ^0}. 

5 The volume element d G /i can be derived from the Kahler form J? := iddlogK as 
d 6 fi = ^fi/\fi/\f2 [3^, [3^]. The Kahler form f2 itself is independent of the choice of local 
coordinate system, so that d 6 fi is also coordinate independent. 
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Equations (I5.9P and (I5.10p can be found through the polar decomposition 
a A = \a A \e i0A (0 < \a A \ < oo, < 6 A < 2n). In the hyperbolic polar 
coordinate system, d 7 n is expressed as 

d 7 fi = d6 A 2(sinh 2r/) 3 sin 2\ sin 2ijj drj A dx A dip A d$ A d<p A dip . (5.11) 

Substituting Eqs. (I5.9P and (15. lip into Eq. ( 15.3b|) and carrying out the 
integration over S 1 x PT + , we obtain 

(@b,K,L,m\@s',K',L',M') 

= 2 (^ 7r ) 4 \Cs,k,l,m\ 2 8 ss > Skk' 8ll' &mm' 

— £ 

x lim 



e^+o r(s + M + e)r(-a — M + 1 — e) 
/ -S + 2K- M+ 1 - e\ f-s - 2K - M I - r 



2 y v 2 

xf - T 1 . (5.12) 



2 

Here, the integration formulas 

/"(sinh^^-^cosh^) 2 ^ 1 ^ = F{X l r r { ~ X ~ y u +1) , (5.13a) 
Jo 2r(-y + l) 

&(ar) > 0, If?(x + y) < 1, 

^(sin^^^cosx) 2 ^ 1 ^ = + y) » ( 5 ' 13b ) 

ft(a;) > , 3fc(y) > 

have been used. Also, an analytic continuation of the gamma function r(2s+ 
2e — 1) that occurs in calculating the inner product has been considered. 
The orthogonality denoted by 5 SS > has been found by the integration over S ; 
thus, (<& s ,k,l,m\<&s,K',l',M') , the inner product restricted within the subspace 
specified by s, turns out to be given as an integral over PT + . In terms of 
(k,l,m,n), Eq. (15 . 1 21) can be written as 

v^k,l,m,n\®k' ,1' ,m' ,n'l 
= (47r) 4 \Ck,l t m, n \ 2 8kk' 8u>5 mm ' 5 nn i 

-er{k + 1 - e)r{l + 1 - e)r{m + 1 - e)r{n + 1 - e) 
J%) r(-k-l-l + 2e)r(k + l + 2-2e) ' 1 J 
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where e := e/2. In deriving Eqs (I5.12p and (I5.14p . the arguments of the 
gamma functions have been assumed to be positive. Accordingly, it follows 
that Eq. (I5.14p is valid only for the small region 

{(k, I, m, n) | k, Z, m, n > -1 + e, -2 + 2e < k + I < -1 + 2e} . (5.15) 

In this region, k and I can never be integers, and m and n can be only natural 
numbers including 0. In order that k, I, m and n can be integers, now we 
perform an analytic continuation of Eq. f !5.14j) by using the formula 37 



r(-n±e) 



-l) n 



±- + ij; 1 {n + l) + 0{e) 



n e N 0: 



(5.16) 



with ipi( n + 1) := Ylp=iP 1 — 7@ Here, 7 is the Euler-Mascheroni constant. 
Applying Eq. ( I5.16P to the denominator of Eq. (I5.14p . we can simplify Eq. 
( 15341) as 



y&k,l,m,n\^k' ,1' ,m' ,n' ) 

= 2(47r) 4 ( — \) k+l \Ck,l, m ,n\ 2 bkk'bw5rnm,'brin' 

x lim e 2 T(k + 1 - e)r(l + 1 - e)r(m + 1 - e)r(n + 1 - e) . 



(5.17) 



Then, by applying Eq. (I5.16P to Eq. (I5.17p . it becomes possible to evaluate 
(@k,i,m,n\@k' ,v ,m' ,n>) when some or all of k, I, m and n are negative integers. 
Obviously, the orthogonality condition for the eigenfunctions $k,i,m,n is ful- 
filled in Eq. ( 15717]) . 

Now, we focus our attention on the cases in which two of the four powers 
k, I, m and n of the twistor function fk,i, m ,n take negative integer values, while 
the other two take non-negative integer values. These cases are especially 
important in the practical sense that the Penrose transform of such a twistor 
function yields a massless field in CM that is referred to in the literature on 
twistor theory as an elementary state 0, [23|, 27-29]. Also, twistor functions 
of this form fit well into the framework of twistor diagrams 0, [23], 27-29 . 
Before evaluating ($k,i,m,n\'&k',i',m',n , )i we n ote that the combination of gamma 
functions in Eq. ( 15. 14|) is unchanged under the interchange of k and I and 



6 We can also perform an analytic continuation of Eq. (|5.14[) by using the reflection 
formula r(x)r(l — x) — n/ sin7ra (x € C \ Z). This analytic continuation leads to the 
same results as those obtained by using Eq. (|5.f 61) . 
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under that of to and n. This interchange symmetry originates in the fact that 
a and a 1 have been assigned the same metric signature "+", while a 2 and a 3 
have been assigned the same metric signature "— " (as seen from the definition 
of || a || 2 given under Eq. (13. 8 j) ). By virtue of the interchange symmetry, it is 
sufficient for the moment if the following three of the possible six cases are 
investigated: (a) k,l G Z~, m,n G No, (b) k, I G N , to, n G Z~, and (cl) 
k,n E Z~ , /, m G No- The remaining three cases, that is, (c2) Z, to G Z~, 
fc,n G No, (c3) k,m E Z~, Z,n G No, and (c4) Z,n G Z _ , k,m E No, can be 
immediately found from the case (cl) by the interchange of k and / and/or 
that of to and n. It should be stressed here that in all of the six cases, the 
helicity eigenvalue s can take an arbitrary integer or half-integer value. In 
the following, we examine Eq. (I5.17P in each of the cases (a), (b) and (cl) 
individually. 

5.1. Case (a) 

In this case, k, I, to and n take the values 

k,l = -1,-2,-3,-- • , m,n = 0, 1,2,--- . (5.18) 

Applying Eq. fl5TT6|) to r(k + l-e) and r(l + l- e) contained in Eq. (j5T7j) . 
we have 

k,l,m,n\^ k' ,/' ,m' 

= 2(47r) ICfc^^nj S kk r5u>8 mm fS nn i ^ ^ / — ljf (5-19) 
By choosing C k ,i, m ,n to be 



C M , m ,„ - j-y 2 ^ — , (5.20) 

the eigenfunction @k,i,m,n is normalized to unity and Eq. (I5.19P reduces to 
the orthonormality condition 

{&k,l,m,n\$k',l',m',n') = Skk'Sll'6 mm '8 nn ' . (5-21) 

5.2. Case (b) 

In this case, k, I, m and n take the values 

k,l = 0,1,2, ■ •• , to, n= -1,-2,-3, •-- . (5.22) 
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Applying Eq. (I5.16P to r(m + 1 — s) and r(n + 1 — e) contained in Eq. (I5.17P 
and using Eq. (14. 6p . we have 

('&k,l,m,n\ < &k',l',m',n') 

( — \) 2s k\l\ 

= 2(47r) Cfc; mn 5 kk >5u>5 mm i5 nn '- — — — - . (5.23) 

(— m — 1)!(— n — 1)! 

By choosing C k i m>n to be 



,(-m- l)!(-n- 1)! 
" (4^)5 V 2M7! ' (5 - 24) 

Eq. (I5.23P reduces to the indefinite ort honor mality condition 

(^fc,/,m,Ti|^Jfc',Z',m',n / ) = ( — l) 2S( ^feA;'^«"^mm'5nn' • (5.25) 

Thus, <&k,i,m,n is normalized to 1 or —1 according to whether the helicity 
eigenvalue s is integer or half-integer. 

5.3. Case (cl) 

In this case, k, I, m and n take the values 

fc, n = -1,-2, -3, •-• , Z,m = 0,1,2,- ■• . (5.26) 

Applying Eq. (l5.16j) to i^fc + l — e) and r"(n+ 1 — e) contained in Eq. (I5.17p . 
we have 

y&k,l,rn,n\^k' ,1' ,m' ,n' ) 

4 2 (— l)'~ n /!m! 

= 2(47r) Cfc / m n Skk'Sii'S mm rS nn i- — : — — —r ■ (5-27) 

(—A; — 1)1 {—n — 1)1 

By choosing C k ,i, m ,n to be 



^, m , n - — , (5.28) 

Eq. (I5.27P reduces to the indefinite ort honor mality condition 

(^fe,Z,m,n|^fc',Z',m',n'} — ( — 1) n bkk'&W&mm'&nn' ■ (5.29) 

In this case, @k,i,m,n is normalized to 1 or —1 according to the values of I 
and n, even if the value of s is fixed. It is now clear that the eigenfunctions 
&ki,mn m t ne cases (c2), (c3) and (c4) are also normalized to 1 or —1. 
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6. (Pre-)Hilbert spaces in twistor quantization 

In this section, we provide (pre-)Hilbert spaces valid for each of the cases 
(a), (b) and (ci) {i = 1,2,3,4). These spaces are function spaces consisting 
of linear combinations of &k,i,m,n defined on T + . We also verify that a A is 
represented in the (pre-)Hilbert spaces as the adjoint operator of a A . 

6.1. Case (a) 

In the case (a), we consider the linear combination 

$ (a) (a) := ^ Ck,l,m,n®k,l,m,n{ot) , Cy^eC. (6.1) 

fc,ZeZ- ,m,nGNo 

Then, as a set of functions of this form, we define the normed linear space 
H (a) := <U (a) («) (*«|#«)= Ki,m,n\ 2 <oo\ (6.2) 

I k,l&-,m,n£N ) 

so as to be consistent with the orthonormality condition ( I5.2ip . Using 
the inequality \z 1 + z 2 \ 2 < 2(\zi\ 2 + l^l 2 ) (zi, z 2 £ C), we can show for 
all ^ a) ,4 a) e H(a) and for all c u c 2 G C that + c 2 4 a) e H^. 

Also, using l^i^l < |(|-2i| 2 + | ^2 1 2 ) 5 h is readily seen that the inner prod- 
uct (flK°)|#( tt )) = Y.k,iez-,m,nen„ b k,i,m,nCk,i,m,n is well-defined. Here, the 
&fe,z,m,n e C are coefficients of $ {a) e H^. Evidently = (& a )\&( a )} 

and (^( a )|ci^S a) + c 2 4 a) ) = c 1 <^^>|^^ a) > + c 2 (<^°)|^ 2 (a) ) are satisfied. Fur- 
thermore, we can prove the completeness of with respect to the norm 
^/(<?(°)|(p( )), which vanishes if and only if $ (a) = 0. In this way, H (a) is 
established as a Hilbert space. 

Application of the operators a A to <Z>^ can be evaluated by using Eqs. 
f l4T2|) and QQ0J) as 

|a°|^ (a) ) = V^kck^n^k^nia) , (6.3a) 

i>^)= ^ v^c M _ ljm , n M , m , n (a), (6.3b) 

(a|a 2 |$ (a) ) = 2J Vmc kt i tm -i tn $ kt i tmtn (a) , (6.3c) 

(a|a 3 |<£ (a) ) = \Ajct,i, m , n -i<Pi,i |m , n (a). (6.3d) 

fc,ZgZ-,m,nGNo 



(a 



(a a 
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Here, it should be noted that {a\a°\<[>-i t i !mtn ) = {dt\a 1 \@k,-i,m,n) — 0. Because 
each of the (al^l'P^) is expressed as a linear combination of the basis 
functions {^>fc,z, m ,n}i:,zez-,m,neNo °f H^, it follows that the domain of a A , 
denoted by D^(a A ), is a linear subspace of H^ a \ For example, D^(d°) is 
given by D«(a°) := {*M(a) G H«| E fc , /e z-,m,n e No(- fc )l c *.',m,n| 2 < oo}. 
Using Eqs. (I4.12a|) and (I5.20p . we see that |(a|a |^ fc ,/,m,n)| 2 = —k - 1 -)■ oo 
as k — > — oo. This implies that a is an unbounded operator 38l-l40j . and 
hence it cannot be defined on the whole of H^. In a similar manner, we 
can show that the remaining operators a A (A = 1, 2, 3) are also unbounded; 
hence, they cannot also be defined on the whole of H^. We therefore need to 
treat well-defined operator on the subspace D^ a \a A ) C H^ a \ not on 

the whole Hilbert space It is not difficult to prove that D( a ) (a A ) is dense 



m H<°>) |38H40| that is, an arbitrary element of can be approximated 
by an element of D^(a A ) to any level of accuracy. 

Application of the operators a A to <2>(°) can be evaluated by using Eqs. 
( jUSD and fl5^0|) as follows: 



(a a 



i°l^ (a) > = V-A; - lc fc+ i,i,m, n ^,i, m ,n(a) , (6.4a) 

(ala 1 !^) = ~ lc k,l+hm,n®k,l,m,n( a ) > ( 6 " 4b ) 

(a|a 2 |^ (a) ) = + lc kll<m +l,n$k,l,m,n( a ) » ( 6 - 4c ) 

(«|a 3 |^ (a) > = ^ Vn+lc fc ,,, m , n+ A, lim , n (a) . (6.4d) 

fc,ZeZ-,m,nGN 

Here, we should note that (a\a 2 \^k,ifi,n) — («|^ 3 |^/c,/,m,o) = 0. It is clear 
from Eq. (16.4|) that the domain of each a A , denoted by D^(a A ), is a lin- 
ear subspace of H^. As easily seen, D (a )(a A ) is identical to D (a - ) (a j4 ), i.e., 
D^(a A ) = D^(a A ). In common with a A , the operator a A is unbounded 
and hence is treated as a well-defined operator on the subspace D^ a \a A ), not 
on the whole of H^ a \ Since we treat all the operators a A and a A simulta- 
neously, we have to consider the domain D^ a ^ := Hyi=o D^(a^) common to 
these operators. Evidently D^ a ^ is dense (in H^)). 
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Using Eqs. (I6.3ap and (I5.2ip . we can show that 
(^ (a) |a°|<Z> (a) ) = b k ',i', m ',n'V Z kc k - 1 ^ n (<P k ^i^ m 'y\<P k ^ min ) 

k',l',k,l&~ 
m',n',m,n€No 

= \J — k fefcj^^Cfc-ij^.n • (6.5) 

k,l€Z- ,m,neNo 

Also, using Eqs. (I6.4a|) and ( I5.2ip . we have 

(^ (a) |a°|!^ (a) ) = Y "16ifc+l,(,m,n(^,!',m', n '|^,(,m, n > 

m',ri',m,n6No 

= V — Ck-\,l,m,n bk,l,m,n ■ (6.6) 

k,leZ~ ,rn,n€N 



Then, it is obvious that (^( a )|a°|^( a )) = (^{a ^^}. In addition to this, 
similar relations can be found for the remaining operators a A and a A (A = 
1, 2, 3). Thus, for A = 0, 1, 2, 3, we have 



(<^)|a A |0( a )) = (^ (a) |a A |^ {a) ) , & a \$^ e D (a) . (6.7) 

This shows that a A is represented on D^ a > as the adjoint operator of a A . 

6.2. Case (b) 

In the case (b), we consider the linear combination 

$ (6) (a) := 22 Ck,i, m ,n$k,i, m ,n{oL) , c kt i tmtn eC, (6.8) 

whose norm squared is defined from Eq. (I5.25P as 

(*W|*M)= £ (-l) 2s |c M , m , n | 2 . (6.9) 

Obviously this is an indefinite norm squared. Following the case (a), one 
may naively choose := |<P^(a) | K^^l^*-^)! < 00} as an appropriate 
function space. However, is not a linear space, because it does not 

close under the addition of two arbitrary elements of \N^ b \ (In fact, we can 
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give the elements <2>f } and $f such that (^f ) \^ ) } = = 0, while 

— >■ oo.) Instead of W^, now we consider the function 

space 

H /(6) := ( a ) | 3A; G N , 3m G Z" s.t. 

V/c, / > k , Vm, n < m c k ^ n = 0} . (6.10) 

This is precisely the set of all possible finite linear combinations of the basis 
functions {$k,i,m,n}k,im ,m,n<=z- ■ Hence, we can simply express H /(b) as 



|_|/(&) - = J#(6)( 



a 



$®(a) = c fc ,, >TO ,^ fc> ,, m , n (a) I , (6.11) 



where denotes a finite sum. Clearly, H'^ is a linear space. By equipping 
H'W with the inner product (flK^W) = Y! k ,im , m ,n&- M) 2 * W^c fc , z , m , n 
compatible with the norm squared (I6.9p . H'( 6 ) is established as an indefinite- 
metric pre- HUbert space (or an indefinite inner product space). Here, the 
bk,i,m,n ^ C are coefficients of G H'w. To make a scrupulous analysis, we 
need to consider the Hilbert space that is defined as a completion of H'^. 
However, we cannot define such a Hilbert space by using only the indefinite 
norm squared f)6.9p . because this norm squared does not lead to the notions of 
convergent sequence, Cauchy sequence and completeness. For this reason, we 
have to make do with Y\'^ for the present to proceed with our investigation 
in spite of the lack of strictnessEl 

By using Eqs. (I4.12p and (I5.24p . application of the operators a A to 



7 In addition to |<pW), we can equip H'^ with the positive-definite inner product 
|£(i>)) : = (#(*)| 1 7<*)|*W) = £'fc.; G No,m,n e z- 6fc,!, m ,nc fc ,i, m ,„, provided that the metric 

defined by ($ k j, m ,n\J W \$k',l>,ln>,n>) = , (*fc,J,m,n|*fc' ,V ,m> ,n>) is given to H'W. 

The indefinite-metric pre- Hilbert space H'^ with is recognized as a Krein space 41 



43|. With the aid of J®, we can define a Hilbert space H( & ) as the completion of H'( 6 ) 



with respect to the norm y/ ((p( b ) Then it becomes possible to develop an argument 

similar to that in the case (a). 
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can be evaluated as 








\a\a \<P y ') = 




< I is* n Sit f 1 

V KCk-l y l y rn,n±'k,l,m,ri\ OL ) , 


I P. 1 On *\ 


(a\a l \$ {b) ) = 


E' 


V 7 / CkJ-l^n&kJ^niot) , 


(6.12b) 


(a|a 2 |<Z> (6) > = 


E' 


V -mC k ,l, m -l,n@k,l,m,n( a ) J 


(6.12c) 


(a\a 3 \<P {b) ) = 


E' 


V' ^ ^k,l,m,n— \®k,l,m,n[p^) • 


(6.12d) 



Here, we should note that (ct|a 2 |$fc^_i in ) = (a|a 3 |<Pfc,/,m,-i) = 0. Similarly, 
using Eqs. (14. 13f) and (15. 24j) . we obtain 

lcfc+i,i imin ^fc i i,m i n(a) , (6.13a) 

ICy+l.m^^m.nla), (6.13b) 



(a|a>W) 


= E' 


(-l)VA: 










- E' 






fc,iGN ,m,ngZ 




(a|S 2 |^ (a) ) 


- E' 


(-i)V- 




fc,iGN ,m,ngZ 




(a|a 3 |^ (a) ) 


- E' 


(-i)V- 



m - lc fc>iim+ i in ^ fc>iim>n (a) , (6.13c) 

n - lCfc,i,m,n+l^fc,i,m,n(a) • (6.13d) 



fc,ieNo,m,neZ- 



Here, it should be noted that (a|a°|<Po,z,m,n) = (a;|a 1 |^fc ) o,m,n) = 0. As seen 
from Eqs. fl6U2l) and (I6TT3D . each of the (a\a A \<P^) and (a|a A |$^) is ex- 
pressed as a finite linear combination of the basis functions {^k,i,m,n}k,ieN ,m,nei.- 
of H'( 6 ). This implies that a A and d A are well-defined operators on H'^J^I 
Also, using Eqs. (16. 1 2[) and (16 . 1 3j) . it can be verified that 

(^WjppM) = {^\h A \i^ b) ), #,#eH'W. (6.14) 

We thus see that a A is represented on H'^ as the adjoint operator of a A . 



8 As mentioned in footnote 7, we can define the Hilbert space from H'W with the 
aid of the metric . Then, a A and a A can be treated as well-defined operators on their 
common domain D^(a A ) = D^(a A ) C H( b \ not on the whole of H^. Here, for instance, 
D (t) («°) is given by D^(a°) := {#W(a) e | £ M6Noifn , n6Z - ^M.^l 2 < oo}. 
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6.3. Case (cl) 

In the case (cl), we consider the linear combination 

<P {cl) {a) := ^2 Ck,l,m,n@k,l,m,n{a) , c k ,i, m ,n G C , (6.15) 

k,neZ~ ,l,m<=No 

whose norm squared is defined from Eq. (I5.29P as 

^ (c i)i^(ci )) = ^2 (-iy- n \c k , l>m>n \ 2 . (6.i6) 

k,n£Z~ ,i,mGN 

This is an indefinite norm squared. Therefore, as in the case (b), we now 
make do with the pre-Hilbert space 



H '(ci) . = J ^(cl), 



a) 



$( cl )i 



a) 



^ Ck,l,m,n$k,l,m,n{ a ) \ ( 6 -17) 



equipped with the inner product (!Z/( cl )|£>( c1 )) = ' fc nGZ _ ( j imeNo (-l) , ~ n 6fc,/,m,nC fc> j >mjn H 
Here, the & fc ,z, m , n G C are coefficients of !^ cl ) G H'( cl ). 

Application of the operators a A to <Z>( c1 ^ can be evaluated by using Eqs. 
fl4T2|) and fl5T28|) as 



(a|a> (cl) ) 
(ala 1 !^) 



y/lCk,l-X,m,7$k,l,: 



k,n&L~ ,l,m&% 



-l~ 2 |<Z>( c1 )) 



(a a 



(a a' 



3|<p(d)^ 



E Vm c k,l,m-l,n$k,l,m,n{ a ) > 



(6.18a) 
(6.18b) 
(6.18c) 
(6.18d) 



9 In common with the case (b), we can define a Hilbert space H^ c1 ^ as the completion 
of H' (cl ) with respect to the norm N /(* r(cl) l^ (cl) l^ (cl) )> provided that the metric J (cl) 
satisfying (<P k ,i, m ,n\J {cl) \$k>,i<, m >,n>) = (-l) l ~ n ($k,l,m,n\®k',l',m>,n>) is given to H'( cl ). 
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Here, we should note that {a\aP\^>_ij )m ^ n ) = (a\a 3 \$k,i,m-i) = 0. Similarly, 
using Eqs. ( 14. 13j) and (I5.28p . we have 



(a|a> (cl) ) 

(aiav cl >> 

(a\ti, 3 \$ {cl) ) 



^ V-k - lCk + l,l, m ,n$k,l,m,n{0i) , 

fc,neZ- ,Z,m€N 

^ (-1)^/ + lc k ,l+l,m,n@k,l,m,n( 0c ) 



fe,neZ-,i,mGNo 



^ Vm + lc kt i rm+ljn $ kt i jm>n (a) , 

fc,neZ- ,l,mGN 



(6.19a) 
(6.19b) 
(6.19c) 
(6.19d) 



Here, it should be noted that (ala 1 ^^,™,™) = ( a l a2 |^fc,i,o,n) = 0. As seen 
from Eqs. f[STT8j) and flBTT9l . each of the (a|a A |$ (cl) ) and (a\a A \<P {cl) ) is ex- 
pressed as a finite linear combination of the basis functions { < &k,i,m,n}k,n&- ,i,mm 
of H'( cl ). In this way, a A and a A are verified to be well-defined operators on 
H'( cl ). By using Eqs. (IBTTHjl and (EHJ, it can be proved that 



(^(cl)|^|3>(cl)) = (^( cl )|^|^/( c1 )) 



(6.20) 



We thus see that cH is represented on H /(cl ) as the adjoint operator of a A . 

The other possible three cases, namely (c2), (c3) and (c4), can be dis- 
cussed within the framework of the case (cl) by the interchange of k and / 
and/or that of m and n. The pre-Hilbert spaces for these three cases are 
found from Eq. (I6.17P to be 



|_|/(c2) . = J ^(c2)( 



|_|/(c3) . 
|_|/(c4) . 



a) 



a) 



a) 



E' c t , m ,„* H ,„,„(a) 

l,m£Z- ,k,n£N 
Z-,l,n£N 



k,m£Z- ,l,n£N 



(6.21) 
(6.22) 
(6.23) 



,ngZ-,fc,meNo 



where each set is equipped with the inner product that is defined from 
(i^( cl )|<p( c1 )} by an appropriate permutation of k, I, m and n under the sum- 
mation symbol Y! • Tne relation {ty( ci )\a A \& ci )) = (<P {c '^\a A \& {ci) ) holds for 
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arbitrary elements and \p( c ^ of H /(c ^ [i = 2,3,4). This shows that d A is 
represented on H'^ c ^ as the adjoint operator of a A . 

We have demonstrated that in the spaces D^ a \ H'^ and Y\'^ ct \ the op- 
erator a A is represented as the adjoint operator of a A . Its proof has been 
accomplished by basically using Eqs. (13.9aj) and (I3.9bj) . via Eqs. ( I4.12p and 
f )4.13p . This fact implies that the operators represented as 



d 1 

da 1 



a A = a A , a A = ~^I BA + -a A (6.24) 

-J -v Jd O 



are realized in D^, H'^ and H'^ as an adjoint pair of operators. Corre- 
spondingly, the twistor operators represented as 

Z A = Z A , Za = -^+ 1 -Z a (6.25) 

are also realized in H'^ and H /(c *) as an adjoint pair of operators. If we 
adopt the twistor functions {fk,i, m ,n} as basis functions instead of {$k,i,m,n}, 
the differential operators 

are recognized in D^ a \ H'^ and H'^ as the adjoint operators of a A = a A 
and Z A = Z A , respectively. Thus, it turns out that the representation (12. 4p 
is valid in D^ a \ H'^ and Y\'^ c% \ provided {fk,i, m ,n} are taken to be their basis 
functions. 

Now, let O and be any of the symbols a, b and ci (i = 1,2,3,4). 
Then, by virtue of the orthogonality condition for the eigenfunctions $fc,;,m,n, 
it follows that (<2>(°)| £>(•)} = for O 4 •• We can therefore consider the 
direct sum of the (pre-)Hilbert spaces:) 



10 



H':=H (a) ®H' (k) ©0H' (a) . (6.27) 



10 If the positive-definite inner products are equipped with H'( b ) and H'( cl ) with the 
aid of the associated metrics and J'( c% > , we can define the total Hilbert space H := 
H(°) © H( b ' © 0^ =1 H("'. This is precisely the completion of H'. 
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This space contains all the eigenfunctions ^fe^ )TOjn that have two subscript 
indices being negative integers and have two subscript indices being non- 
negative integers. The operators a A and a A are well-defined on 

4 

D' := D (a) © H' (fc) © H ,(C4) (6.28) 

i=l 

and form an adjoint pair of operators there. Then it follows that the twistor 
operators represented as Eq. (I6.24p . or equivalently as Eq. (I6.25p . form, in 
D', an adjoint pair of operators. By choosing {fk,i, m ,n} as basis functions, the 
twistor operators represented as Eq. (12 .4p are recognized in D' as an adjoint 
pair of operators. 

7. Penrose transforms of the simplest twistor functions 

In Sections 5 and 6, we have essentially treated the twistor functions 
fk,i,m,n on T + . The Penrose transforms of these functions yield positive- 
frequency massless fields in CM, or in other words, massless fields in the 
forward tube in CM a 

CM+ := eCM\z» = x tt - iy», y^ > 0, y° > 0}, (7.1) 

where x M and y^ (a = 0, 1, 2, 3) are real numbers, and y^ := (y ) 2 — (y 1 ) 2 — 
(y 2 ) 2 ~~ (y 3 ) 2 [2n0|o As is known in twistor theory, a point z = (z aa ) in 
CM + corresponds to the complex projective line 

L z := { [(a A )] e PT | uj a = iz a& ir & , (tt a ) ^ 0} (7.2) 

lying entirely in PT + . Here, recall that a A and (u a , tz^ are related by Eq. 
( 13. lip . The geometrical relation between CM + and PT + can elegantly be 



11 Strictly speaking, the forward and backward tubes are defined in the conformal com- 
pactification CM* of CM. In this paper, however, we do not consider the a-planes at 
infinity, and accordingly we use the (restricted) forward tube defined in Eq. (|7.I|) . This 
restriction is represented in T and PT as the condition (tTq.) ^ 0. 

12 The bispinor notation z aa and the 4-vector notation are related by 

z°" z oi \ J_ / z° + z 3 z 1 + iz 2 \ 
z i6 z li j ~ ^Xz^-iz 1 z°-z 3 J' 

Note that z aa is Hermitian if and only if z^ is real. 
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formulated in terms of the Klein correspondence 17j |. In the following, we 
actually demonstrate the Penrose transform of the simplest twistor function 
in each of the cases (a), (b) and (ci) {i = 1,2,3,4). 

7.1. Case (a) 

The simplest twistor function in the case (a) is found from Eqs. (14. 5 p and 
flPDD to be 

/-i ,-i,o,o(a) = \ „ i • ( 7 - 3 ) 



\/2(4 



The singularities of /-i^i^.o li e on the two hyperplanes in T that are specified 
by a = and a 1 = 0. These equations define the following two planes in 
PT: 

Q° : = {[( a A )} ePT|a° = 0}, Q 1 :={[(« A )]GPT|a 1 = 0}. (7.4) 

Obviously, they are not parallel. Recalling Eq. (13. lip , we can write the 
simultaneous equations a = and a 1 = in terms of the twistor variables 

(u a , TTa) as 

, .ot • aa„ /„ aa\ ( ^ \ /1-7 r\ 

W = IU 7la , (« ) := ( i ) ' ^ > 

With this expression, the intersection of Q° and Q 1 can be expressed as 

L u = {[(a A )] E PT | u a = iu a \ & , (tta) ^ 0}. (7.6) 

This is precisely the complex projective line corresponding to the point u = 
(u a& ) G CM. Writing (u a& ) as (u") = (v^i, 0,0,0) in 4-vector notation, we 
immediately see that the point u is in the backward tube in CM: 

CM" := {{z") e CM | z? = x^-ty^, y^y" > 0, y° < 0}. (7.7) 



13 Let Q° and Q 1 be the hyperplanes in T that are specified by a = and a 1 = 0, 
respectively. The intersection Q° n Q 1 contains the origin := (0, 0, 0, 0) in T, and 
therefore must be removed from Q° n Q} to define the intersection of Q° and Q 1 . In 
fact, the intersection Q°nQ 1 can be written as ((Q°nQ 1 )\{0}) / ~ , with the equivalence 
relation (a A ) ~ (va A ) for all v S C \ {0}. The condition (n^) ^ in L n is thus necessary 
to state that is removed in defining Q° n Q 1 . 
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Figure 1: A layout drawing of geometrical objects in the case (a). The planes Q° 
and Q 1 consist of the singularities of -1,0,0 that are evaluated in PT. The 
complex projective line L 2 is homeomorphic to a sphere S 2 , on which the contour 
r z is chosen in such a manner that one of the points Q° n L 2 and Q 1 n L z lies on 
either side of F z . 



Just as the forward tube CM + corresponds to PT + , the backward tube 
CM" corresponds to PT" := { [(a A )] E PT | ||a|| 2 < 0}. Then, since u 
is in CM", it follows that L u lies entirely in PT". In fact, the condition 
||o;|| 2 = — I a 2 1 2 — |a 3 | 2 < is valid for an arbitrary element of L u . We thus 
see that L 2 corresponding to an arbitrary point z G CM + never meets L u . 

In terms of z aa , 7r and ( := ni/iiQ, the twistor function /_i,_i,o,o can be 
written as 



/-l,-l,0,o(^,7T6>C) 



V2 



(4ir) Wi^Cfc 11 + 1) [ c + 1 ~ c + 



(7.8) 



This is a function on T + , as long clS Z IS du point in CM + . The ratio ( can be 
regarded as an inhomogeneous coordinate of a point on h z ( = CP 1 = S 2 ). 
Although L z does not meet L„, it meets the planes Q° and Q 1 at distinct 
points in PT + ; see Fig. 1. These intersection points, that is, Q° := Q° fl L z 
and Q 1 := Q 1 fl ~L Z are poles of /-i,-i,o,o- Noting this, now we consider the 
Penrose transform of /-i,-i,o,o- Since /_i,_i, ,o is a twistor function of s = 0, 
its Penrose transform is given by 

(a) W := ^~j r 7-1,-1,0,0(^0,0^", (7.9) 
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where F z denotes a closed contour on L z . To carry out the contour integration 
so that it can yield a non-trivial result, we choose F z to be a topological circle 
such that only one of Q° and Q l lies on either side of F z . Then, after using 
7iadii a = (71q) 2 cL(, Cauchy's theorem gives 

ct) {a \z) = . (7.10) 

4v / 2vr 2 (^-u At )(z^-^ t ) 

Here, Q° or Q 1 has been chosen as a simple pole surrounded by r z , and 
accordingly an appropriate orientation of F z has been considered. Because 
L z does not meet L u , the point z is not null-separated from u; that is, 
[z^ — u^)(z fM — u^) 7^ holds for z E CM + @ In this way, 0^ is proven to 
be a regular function on CM + . Noting the regularity of <p^ a \ we can readily 
verify by a direct calculation that is a solution of the complexified Klein- 
Gordon equation d fJj d fl (j)(z) = with := d/dz^. 

More generally, we can perform the Penrose transform of the twistor 
function 

(a 2 ) m (a 3 ) n 

fk,l,m,n{Oi) = C k ,l,m,n , Q\-h( a ' k, I e Z , m, n e N Q , (7.11) 

where Ck,i, m ,n is given in Eq. (I5.20p . As is demonstrated in Appendix B, 
the massless field obtained by this transform takes the form of a sum of 
monomial functions each of which is proportional to a negative power of 
(z^ — Up){z^ — m m ). Then the resulting massless field can be shown to be 
regular on CM + . 

7.2. Case (b) 

Next we consider the simplest twistor function in the case (b): 

/w - w(a) = . (7.12) 

The singularities of /o,o,-i,-i lie on the t wo hyperplanes in T that are specified 
by a 2 = and a 3 = 0. These equations define the following non-parallel 
planes in PT: 

Q 2 :={[(c^)] G PT|a 2 = 0}, Q 3 := { [{a A )] G PT | a 3 = 0}. (7.13) 



14 The null-separated condition (z p - z^)(z^ - z'^) = (z, z' e CM*) holds if and only 
if L z n L z / 7^ (Lj,,L a ' C PT). This implies that meeting lines in PT correspond to 
null-separated points in CM', and vice versa. 
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We can write the simultaneous equations a 2 = and a 3 = as 



u a = iv™n«, (0:= ( Q l (7.14) 

The intersection of Q 2 and Q 3 is the complex projective line corresponding 
to the point v = {v a6i ) £ CM: 

L v = {[(a A )] eVT\u a = iv a «n„, M^O}. (7.15) 

Here, the condition (7^) ^ is necessary to state that the origin G T 
is removed in defining the intersection Q 2 fl Q 3 . Writing (v aa ) as (t> M ) = 
(— \/2i, 0, 0, 0) in 4-vector notation, we immediately see that the point v is 
in the forward tube CM + , and hence L v lies entirely in PT + . In fact, the 
condition ||o;|| 2 = |a | 2 + (a 1 ) 2 > is valid for an arbitrary element of L„. 
For this reason, L 2 (z e CM + ) may meet L„. 

In terms of z aa , 71q and (, the twistor function /o,o,-i,-i can be written 

as 

/o, ,-i,-i(2,7ro,C) 

V2 

-iz° 6 + l\ ( -iz lb 
^(vro) 2 (-iz oi )(-iz^ + !)[(+ -t- C + " 



-iz m ) \ -iz 11 + 1 

'(7.16) 

Suppose now that L z does not meet L v . Then the intersection points Q 2 := 
Q 2 fl L z and Q 3 := Q 3 fl L 2 are distinct, being two poles of /o,o,-i,-i- To 
carry out the Penrose transform of /o,o,-i,-ij we choose a closed contour F z 
on L z in such a manner that only one of Q 2 and Q 3 lies on either side of F z . 
Thereby we have 

m z x (7.17) 
4 v / 2vr 2 (^-^)(^-^) ' 

where an orientation of F z has been taken appropriately in accordance with 
the choice of a simple pole surrounded by F z . If L z meets L„, as seen in Fig. 
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LzfUy 



Figure 2: A layout drawing of geometrical objects in an exceptional situation in 
the case (b). The complex projective line L z meets the intersection L„ of Q 2 and 
Q 3 , and correspondingly the two points Q 2 n L 2 and Q 3 n L 2 on S 2 degenerate 
into the single point L 2 n L„ on T z . As a result, the contour integral in Eq. (17.171) 
becomes ambiguous. 



2, then the two points Q 2 and Q 3 degenerate into the single point denoted 
by L 2 fl L„. In this situation, the contour integral in Eq. ( 17. 17p is not well- 
defined, and correspondingly becomes infinite owing to the fact that z is 
null-separated from v. Thus, turns out to have singularities in CM + . 
We can also perform the Penrose transform of the twistor function 



fk,l,m,n( a ) = C k,l,m,n , *\ m , *\ „ > ^, / G N , m, n G Z , (7.18) 



where Ck t i t m,n is given in Eq. (15.240 . The massless field derived by this 
transform is a sum of monomial functions each of which is proportional to a 
negative power of (z^ — v^){z^ — t> M ). This implies that the resulting massless 
field has singularities in CM + . 

7.3. Case (cl) 

In the case (cl), the simplest twistor function is given by 

= wr. \, n ; • ( 7 - 19 ) 



< 2 a°a 3 



The singularities of /-i,o,o,-i constitute the planes Q° and Q 3 defined in 
Eqs. (17.40 and (17.130 . respectively. These planes are not parallel, so that 
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their intersection can be defined as 



L w = { i(a A )} G PT | co a = iw°*Tr & , (7r d ) ^ } , (7.20) 

with 

(tO:=(q °,-)- (7-21) 

Writing (w aQ ) as (w^) = (0, 0, 0, y2i) in 4-vector notation, we see that 
Qw^w 11 = —2 for the imaginary part of (w^) specified by = ^R.w fl — i'^w fl . 
The imaginary part is thus shown to be a spacelike vector. Then, it 

can be proven that L w meets all three of PT + , PT~ and PN := j [(a" 4 )] G 
PT | ||a|| 2 = 0} [3]. This is also understood from the fact that ||a|| 2 for an 
arbitrary element of h w takes the indefinite form \a l \ 2 — |ct 2 | 2 . In this way, 
we see that L z (z G CM + ) may meet L w . 

In terms of z aa , 7r and (, the twistor function /-i^o-i can be written 

as 



V2 



(47T) 2 (7T ) 2 ZZ 0i (-^ li + 1) C + 




(7.22) 



iz 01 



If h z does not meet h w , then the intersection points Q° and Q 3 are distinct, 
being two poles of /-i,o,o,-i- The Penrose transform of /_i,o,o,-i i s carried 
out by choosing a closed contour F z such that only one of Q° and Q 3 lies on 
either side of F z . Using Cauchy's theorem, we have 

1X1 Fz 1 (7.23) 



4 v / 2tt 2 (^ - Wfj,)(z^ - w*) 



where an appropriate orientation of F z has been considered. If L 2 meets L w , 
then the contour integral in Eq. (I7.23P is not well-defined, and correspond- 
ingly 0( cl ) becomes infinite. Hence, in common with the field (f) {cl) has 
singularities in CM + . 
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We can perform the Penrose transform of the twistor function 



fk,l ,m,n (a)=C k , ltm , n / \'\ ' , k,neZ-,l,meN , (7.24) 

where Ck,i, m , n is given in Eq. ( I5.28p . It turns out that the massless field 
derived by this transform has singularities in CM + that are specified by 
(z^-w^-w^) = 0. 

7.1 Case (c2) 

In the case (c2), the simplest twistor function is given by 

/„,_,,_,,„(.) = 1 ^ . (7.25) 



The singularities of /o,-i,-i,o constitute the non-parallel planes Q 1 and Q 
whose intersection can be expressed as 



L„ w = {[(a A )] e PT I u a = -iw a6! <K & , (vr d ) ^ 0}, (7.26) 

with {w aa ) as in Eq. (I7.2ip . Now it is clear that just like L w in the case 
(cl), the line L_ w meets all three of PT + , PT" and PN. In fact, ||a|| 2 for 
an arbitrary element of L_ w takes the indefinite form |a°| 2 — |a 3 | 2 . For this 
reason, L z (z G CM + ) may meet L_ w . 

If ~L Z does not meet Li- W , then the intersection points Q 1 and Q 2 are 
distinct, and the Penrose transform of /o, -1,-1,0 can be carried out by choosing 
a closed contour T z and its orientation appropriately: 



^Xz) 



Y~- f /o-l-l.O^^O^Tr" 

™ Pz 1 (7.27) 

4^7T 2 (^ + W^Z* + W») ' 

If L z meets L.^, then the contour integral in Eq. (I7.27P is not well-defined, 
and correspondingly becomes infinite. Hence, ( - c2 - ) also has singularities 
in CM+. 

We can also show that the Penrose transform of fk,i,m,n in the case (c2) 
yields a massless field possessing singularities in CM + that are specified by 
(z^ + w^iz^ + w^O. 
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7.5. Case (c3) 

In the case (c3), the simplest twistor function is given by 



/-i A -i,o(a) = - 1 = 7 —— ■ (7.28) 



v/2(4tt) 



2 a°a 2 



The singularities of /_i,o,-i,o constitute the non-parallel planes Q° and Q 2 . 
Using Eq. (13. lip , we see that a = a 2 = is equivalent to u° = Hq = 0. 
Then the intersection of Q° and Q 2 is found to be 



L 02 := {[0,^,0, TTi] G PT | + (0,0)}. (7.29) 

This cannot be regarded as a complex projective line corresponding to a point 
in CM, because the relation u a = iw aa Ha applied to L 02 does not uniquely 
determine a point w in CM. More precisely, this relation leaves w 00 and 
w 10 undetermined, whereas it determines w 01 and w 11 to be and — i^/iii, 
respectively. The norm squared ||a|| 2 for an arbitrary element of L 02 takes 
the indefinite form \a l \ 2 — |a 3 | 2 , which fact implies that L 02 meets all three 
of PT+, PT" and PN. For this reason, L z (z G CM+) may meet L 02 . 

If L z does not meet L 02 , then the intersection points Q° and Q 2 are 
distinct, and the Penrose transform of /-i o,-i,o can be carried out by choosing 
a closed contour F z and its orientation appropriately: 



,(c3) 



1X1 F ; (7.30) 



V2{A7T)Hz 0i ' 

Although (fi^ has an unusual form, it indeed satisfies the complexified Klein- 
Gordon equation provided that z 01 ^ 0. If L z meets L 02 , then the contour 
integral in Eq. (I7.30p is not well-defined, and correspondingly 0^ c3 ^ becomes 
infinite. In fact, z 01 = holds at the points corresponding to L z R L 02 . Thus 
we see that has singularities in CM + . 

We can also show that the Penrose transform of fk,i,m,n m the case (c3) 
yields a massless field possessing singularities in CM + that are specified by 
z oi = 0. 
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7.6. Case (c4) 

In the case (c4), the simplest twistor function is given by 



/o,-i,o,-i(«) = ^77-^^ • (7-31) 



V2(4 



The singularities of /o,-i,o,-i constitute the non-parallel planes Q 1 and Q 3 , 
whose intersection is found to be 

L 13 = {[u; ,0,7ro,0] e PT| + (0,0)}. (7.32) 

In common with L 02 , the intersection L 13 cannot be regarded as a complex 
projective line corresponding to a point in CM. In the present case, the re- 
lation bj a = iw aa 7Ta leaves w 01 and w 11 undetermined, whereas it determines 
w 10 and w 00 to be and —iuj /ttq, respectively. The norm squared ||a|| 2 for 
an arbitrary element of L 13 takes the indefinite form | ck° | 2 — |a 2 | 2 , which fact 
implies that L 13 meets all three of PT + , PT and PN. For this reason, ~L Z 
(z e CM+) may meet L 13 . 

If L z does not meet L 13 , then the intersection points Q 1 and Q 3 are 
distinct, and the Penrose transform of /o _i,o,-i can be carried out by choosing 
a closed contour F z and its orientation appropriately: 



■ 



4> {cA) (z) ■= 7^- i 1 /o.-j.o.-i(:-»6-0^.^' 



(7.33) 



V2(4 



2,- ^10 



7r rzz 



It can readily be verified that ( - c4 - ) satisfies the complexified Klein-Gordon 
equation provided that z 10 ^ 0. If L z meets L 13 , then the contour integral 
in Eq. (I7.33P is not well-defined, and correspondingly 0^ c4 - ) becomes infinite. 
In fact, z 10 = holds at the points corresponding to L z fl L 13 . Thus we see 
that (c4) has singularities in CM + . 

We can also show that the Penrose transform of fk,i, m ,n in the case (c4) 
yields a massless field possessing singularities in CM + that are specified by 
z™ = 0. 

We conclude this section with the following remarks: Recalling the Pen- 
rose transforms carried out in this section, we observe that only the twistor 
functions in the case (a) lead to massless fields without singularities in CM + , 
while the twistor functions in the other cases always lead to massless fields 
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with singularities in CM + . In this situation, we should consider only the 
massless fields obtained in the case (a) to be genuine positive-frequency mass- 
less fields in CM 

8. Summary and discussion 

We have accomplished our central goal of finding (pre-)Hilbert spaces 
in twistor quantization, showing that the twistor operators a A and a A (or 

equivalently, Z A and Z A ) form an adjoint pair of operators in all these spaces. 
We first provided a coherent state defined as a simultaneous eigenstate of the 
a A and gave an explicit representation of the twistor operators by choosing 
the coherent-state vectors (a\, satisfying (a\a A = a A (a\, as basis vectors. 
Then, solving the helicity eigenvalue equation written in terms of a A , we 
obtained the eigenfunctions $k,i,m,n(ai) of the helicity operator. Also, it was 
shown that <&k,i,m,n are simultaneous eigenfunctions of the Cartan generators 
of SU(2,2). This fact made it possible to denote $k,i,m,n as ^s,k,l,m using 
the combination of eigenvalues (s, K, L, M/y2). 

An appropriate inner product for the helicity eigenfunctions <P s ,k,l,m wa s 
precisely defined as an integral over S 1 x PT + in the case that the twistor 
functions f s ,K,L,M — ^s,if,L,M exp (—| || a || 2 ) are realized as functions on the 
twistor subspace T + . We performed the integration in the inner product by 
expressing it in terms of hyperbolic polar-coordinate variables and obtained 
an expression of the inner product that includes a multiplicative factor con- 
sisting of gamma functions (cf. Eq. (I5.14p ). By analytic continuation of the 
gamma functions, it became possible to use this expression when some or all 
of k, I, m and n take negative integer values. We also saw that the orthogo- 
nality condition for the eigenfunctions @k,l,m,n is guaranteed with this inner 
product. In particular, the orthogonality with respect to different helicity 
eigenvalues is valid for the helicity eigenfunctions with different degrees of 
homogeneity. We actually examined the inner product in the particular cases 
in which two of k, I, m and n are negative integers and the other two are 
non-negative integers. This was done by classifying the permissible combi- 
nations of (k,l,m,n) into six cases, namely (a), (b) and (ci) {i = 1,2,3,4). 
It was shown that the eigenfunctions &k,i,m,n in the case (a) are normalized 
to unity, while $k,i,m,n in the cases (b) and (ci) are normalized to either 1 or 
— 1. As seen from Eq. (14. 6p . the helicity eigenvalue s can take an arbitrary 
integer or half-integer value in all the six cases. This is due to the twistor 
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quantization procedure, because the helicity at the classical level, given in 
Eq. (12. 2p . can take only positive values when (Z A ) G T + . 

(Pre-)Hilbert spaces appropriate for twistor quantization were defined in 
each of the cases (a), (b) and (ci) as function spaces consisting of linear 
combinations of @k,i,m,n- We found that the linear combinations in the case 
(a) have positive-definite norm squared, and hence the function space in this 
case is established as a Hilbert space. In contrast, the linear combinations 
in the cases (b) and (ci) have indefinite norm squared, and therefore we had 
to make do with indefinite-metric pre-Hilbert spaces to proceed with our in- 
vestigation. (As was mentioned in footnotes 7, 9 and 10, it is possible to 
define Hilbert spaces in the cases (b) and (ci) with the aid of the additional 
metrics J^> and J^). In the case (a), we proved that a A is represented on 
a linear subspace of the Hilbert space as the adjoint operator of a A . In each 
of the cases (b) and (ci), similar proof was given for a A and a A defined on the 
corresponding pre-Hilbert space. These results imply that the twistor oper- 
ators represented as Eq. (16.241) . or equivalently as Eq. (I6.25p . form, on the 
relevant function spaces, an adjoint pair of operators. Correspondingly, the 
twistor operators represented as Eq. (12 .4p are realized as an adjoint pair of 
operators by taking the twistor functions {fk,i,m,n} as basis functions. Thus, 
we accomplished our purpose of finding appropriate (pre-) Hilbert spaces in 
which the representations (16.241) . (I6.25P and (12.41) hold true. 

We also argued the Penrose transforms of twistor functions on T + in 
each of the cases (a), (b) and (ci) and derived the corresponding massless 
fields in CM + . In particular, the Penrose transforms of the simplest twistor 
functions were demonstrated in detail by examining singularities of these 
functions closely. (In appendix B, the Penrose transform of a general twistor 
function in the case (a) is demonstrated.) Then we observed that only the 
twistor functions in the case (a) lead to massless fields without singularities 
in CM + , while the twistor functions in the other cases lead to massless fields 
with singularities in CM + . We should therefore consider only the massless 
fields derived in the case (a) to be genuine positive-frequency massless fields. 
Even if we treat only the case (a), the helicity eigenvalue s can take an 
arbitrary integer or half-integer value. 

It should be emphasized that only in the case (a), we can define a 
(positive-definite) Hilbert space and also can obtain positive-frequency mass- 
less fields without singularities. Although the ) has these two remark- 
able properties, it is not clear at present whether these two are related by 
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some profound reason. It is also not clear whether twistor quantization in- 
volves the probabilistic interpretation of twistor (wave) functions. If the 
probabilistic interpretation is required to twistor quantization, only the case 
(a) would be allowed. Otherwise, all the cases should be considered on an 
equal footing, and accordingly the total pre-Hilbert space defined by Eq. 
f)6.27p . or its completion defined in footnote 10, may be adopted as a func- 
tion space appropriate for twistor quantization. 

Now, it is still left to investigate whether the inner product defined in this 
paper reproduces the scalar product of massless fields. This investigation will 
lead to finding relationship between Penrose's inner product 23[ and ours, 
because Penrose's inner product can be derived from the scalar product of 
massless fields in M. We hope to clarify this point, together with the above- 
mentioned unclear points, in the near future. 

Finally, we note that the present paper has mainly treated twistor func- 
tions on T + so that positive-frequency massless fields in CM can be obtained 
by the Penrose transform. Of course, it is possible to treat twistor functions 
on the lower half of twistor space, namely T~ := {(a A ) G T| ||a|| 2 < 0}. 
The Penrose transforms of such twistor functions yield negative-frequency 
massless fields in CM. We can immediately apply the arguments provided 
in this paper to constructing the (pre-)Hilbert spaces that consist of linear 
combinations of the helicity eigenfunctions on T . 
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Appendix A. The Schwinger representation of the SU(2, 2) Lie 
algebra 

In this appendix, we provide the Schwinger representation of the Lie 
algebra of SU(2, 2), in which a A and a A are used as constituent operators. 
An orthonormal basis of the SU(2,2) Lie algebra, or a set of generators 
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of SU(2,2), is given by 
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1 2 
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(A.l) 



These generators actually satisfy the following two conditions necessary for 
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them to be generators of SU(2, 2): the pseudo-Hermitian condition 

Aj = IA b I, b = 1,2,. ..,15, (A.2) 
with I := diag(l, 1, —1, —1), and the traceless condition 

TiA b = . (A.3) 
Also, the generators A b fulfill the orthonormality condition 

Tr(A b A c ) = -r) bc , (A.4) 

6 8 

where (r] bc ) := diag( 1, . . . , 1, —1, ...,—1,1). Since SU(2, 2) has rank 3, it 
possesses 3 diagonal generators, namely A 3 , A e and A i5 . These are precisely 
the Cartan generators of SU(2, 2) in the present matrix representation. 

Using the generators A b and the twistor operators a A and a A , now we 
define the operators 

A b := d A (A b )/l^ c a c \ (A.5) 
which can be written more precisely as 

A x = X - (aV + ^a ) , A 2 = - % - (aV - ^a ) , 

A\ = \ (d 6 a° - aV) , A\ = ~ {fa 3 + a 3 a 2 ) , 

A 5 = | (a 2 d 3 - a 3 d 2 ) , i 6 = -I (a 2 d 2 - a 3 a 3 ) , 

i 7 = -t (fd 2 - a 2 a°) , A 8 = (d*d 3 - a 3 a°) , 

2 ^ ( —\ ^2 — 2 ^ 1 \ a If* i -s 3 ±Qa1\ 

yl 9 = — - a — a a J , yli = — - a -a a j , 

i n = -1 (a°a 2 + a 2 a°) , i 12 = ~ (a 6 a 3 + a 3 a°) , 

A 13 = ~ (a^d 2 + a 2 a x j , yi 14 = ^a 3 + a 3 ^ 1 



A 5 = 



1 fib* 



2V2 



(av + aV + aV + a^a 3 ). (a.6) 
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Using the commutation relations (I3.4ap and ( 13.4bj) . together with the com- 
mutation relations at the matrix level 

[A b ,A c ] = if bc d A d , (A.7) 

we can prove that 

[A b ,A c ] =%hc d A d - (A.8) 

Here, the f bc d denote the structure constants of the SU(2, 2) Lie algebra. The 
commutation relations in Eq. flA.8|) show that the A b constitute a basis of 
the Schwinger representation of the SU(2, 2) Lie algebra. In this way, the 
Schwinger representation of the SU(2, 2) Lie algebra is established by the use 
of the Weyl-Heisenberg algebra of indefinite-metric type that is defined by 
Eq. p. 

In the Schwinger representation of the SU(2, 2) Lie algebra, the quadratic 
Casimir operator is defined by 

C := A b r] bc A c (A.9) 

6 8 

with (r] bc ) := diag(l _ ^ - T, -1, . . . , -1, 1). Substituting Eq. (TA~5l) into Eq. 
(1A.9j) and using Eq. (13 .4p . we obtain 

C=\(?-l), (A.10) 
where s is the helicity operator given in Eq. (14.11) . i.e., 

s = - (a°a° + a 1 a 1 - a 2 a 2 - a 3 a 3 j + 1 . (A. 11) 

Because s commutes with all the operators A b , it follows that C commutes 
with all of the A b . It is obvious that s, A%, A$, and A^ commute with 
each other. The operators A b and s constitute a basis of the Schwinger 
representation of the U(2, 2) Lie algebra. 

Appendix B. The Penrose transform of fk,i,m,n m the case (a) 



In this appendix, we demonstrate the Penrose transform [2|-|5[ of the fol- 
lowing twistor function in the case (a): 



(a 2 ) m (a 3 ^ n 



fk,l,m,n( a ) = C k,l,m,n r x_ fc / n_; , K I G Z , 771, 71 G N , (B.l) 



43 



where Ck,i, m ,n is given in Eq. (I5.20p . This function can be written, in terms 
of u a and tta, as 



2 s+1 (-w° + vr ) m (-u; 1 + 7r i ) r 



(a;° + 7To)-* : (a; 1 + 7r i )-' 
or, in terms of z aa , 7r and ( := hi/hq, as 
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(B.3) 



iz 11 + 1 



Here, Eq. (14. 6B has been used. In what follows, we individually perform the 
Penrose transform of fk,i, m ,n in the cases of zero helicity (s = 0), positive 
helicity (s > 0), and negative helicity (s < 0). 

Appendix B.l. Case s = 

In this case, the Penrose transform is readily carried out by using Cauchy's 
theorem: 
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(B.4) 



where £i := — iz 10 /(zz 1:l + 1). This expression has been found by choosing 
the intersection point Q 1 as the only pole surrounded by F z . 
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Appendix B.2. Case s > 

In this case, s takes either positive integer or positive half-integer values, 
and accordingly the Penrose transform of fk,i,m,n is given by 



( t ) k,l,m,n;a-i...a2s ( Z ) ' = 
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2tH 



Because (f) k a j m n . &1 &2s is a totally symmetric spinor of rank 2s, it is sufficient 
if we consider the components such that «! = ■■• = d 2s _ r = and o^s-r+i = 
■ ■ ■ = a 2s = 1 (r = 0, 1, . . . , 2s). The integrand in Eq. flB.5|) can explicitly 
be written as 
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Then, its contour integration around Q 1 leads to 
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Appendix B.3. Case s < 

In this case, s takes either negative integer or negative half-integer values, 
and accordingly the Penrose transform of fk,i, m ,n is given by 
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Because <jfk\ mn . ai „_„ is a totally symmetric spinor of rank —2s, it is suf- 
ficient if we consider the components such that ol\ = ■ ■ ■ = a_2 S -r — and 
d_2s-r+i = ■•• = d_ 2s = 1 (r = 0, 1, . . . , — 2s). For our calculation, it is 
convenient to exploit the formula 



dy(-u + Tr) p ^ h i,ST^{ V \ fq + i-l\(-0J + 7r) p ~ h+t 



/ \ I J =0 \ / \ / \ I 



(B.9) 



valid for h, p e No and q G Z + . Here 

, P J =0 for p< h-i (B.10) 
h — i J 

is to be understood. Using Eq. f ]B.9j) . we can obtain 
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In terms of z aa , 7r and (, Eq. (IB. lip can be written as 
d d 
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Then, its contour integration around Q 1 leads to 
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From Eqs. flB.4|) . (IB.T|) and (IB. 13|) . we see that in the ), the 



massless field obtained by the Penrose transform of any arbitrary fk,i, m ,n 
takes the form of a sum of monomial functions each of which is proportional 
to a negative power of (z^ — u lA ){z fl — u^). Then it can be shown that the 
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resulting massless field possesses no singularities other than those specified 
by (zp — u fJi )(z fl — = 0. Therefore the massless fields derived here are 
recognized as a regular function on CM + . An analysis similar to what has 
been done in this appendix can be performed in the cases (b) and (ci). In 
these cases, it can be shown that the Penrose transform of fk,i, m ,n yields a 
massless field that possesses singularities in CM" 1 ". 
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